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Abstract
We prove that a class of invariant functions, admissible with respect to the Fubini–Study metric on
the sphere S2 = P1C are bounded from below by a function going to infinity on the intersection of
charts. This lower bound is sharp in terms of an Ho˝rmander type inequality.
 2002 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
Résumé
On montre qu’une classe de fonctions invariantes, admissibles pour la métrique de Fubini–Study
sur la sphère S2 = P1C sont minorées par une fonction tendant vers l’infini sur l’intersection des
cartes. Ce minorant est optimal pour une inégalité de type Ho˝rmander.
 2002 Éditions scientifiques et médicales Elsevier SAS. Tous droits réservés.
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1. Introduction
We consider the Riemann sphere S2 identified to P1C, the complex projective space of
complex dimension one. Let us denote by [z0, z1] the homogeneous coordinates on P1C
and consider the metric given in the chart{[z0, z1] ∈ P1C s.t. z0 = 0},
defined by its component
g = 2 ∂
2
∂z∂z
(
log
(
1+ |z|2)).
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It is equal to twice the Fubini–Study metric, and belongs to the first Chern class C1(P1C).
We say that ϕ ∈C∞(P1C) is g-admissible if
g + ∂
2ϕ
∂z∂z
> 0. (1)
We also consider the automorphisms group G on P1C generated by the automorphisms
[z0, z1] −→ [z1, z0], [z0, z1] −→
[
z0e
iθ , z1
]
and [z0, z1] −→
[
z0, z1e
iθ ].
Let us note that a G-invariant function is in particular a function on R2.
We now define the function ψ on C2 − {[z0 = 0] ∪ [z1 = 0]} by
ψ(z0, z1)= log |z0|
2|z1|2
(|z0|2 + |z1|2)2 .
It is a homogeneous function of degree zero, so it defines a function on P1C. It achieves its
maximum (equal to − log 4) at the point [1,1] ∈ P1C, and goes to minus infinity when z0
or z1 goes to zero (or to infinity) which corresponds to the boundary of the intersection of
the charts defined by {[z0, z1] ∈ P1C s.t. z0 = 0} and {[z0, z1] ∈ P1C s.t. z1 = 0}. The main
result of this paper is the following:
Theorem 1. Let ϕ ∈C∞(P1C) be a g-admissible function on P1C, G-invariant, satisfying
supϕ = 0 on P1C. Then, ϕ ψ .
The previous theorem implies the following corollary.
Theorem 2. For all α < 1, we get:∫
P1C
exp{−αϕ}dv Const,
∀ϕ ∈ C∞(P1C), g-admissible, G-invariant, and satisfying supϕ = 0 on P1C. dv is the
volume element on P1C with respect to the metric g.
This theorem then gives an Ho˝rmander type inequality (see [6]) for all α < 1, which
is sharp because we know that Tian invariant related to the considered class of functions
on S2 is equal to one (see, for example, [2]). Let us remind that this invariant which is the
supremum of the constants α satisfying the inequality of theorem 2 was introduced by Tian
in [7], and initiated by Aubin in [1] (see also [3]).
The result of this paper gives a simple method to evaluate this constant, reducing
the class of functions to consider to only one function. Some papers will be devoted to
algebraic manifolds with positive first Chern class. It is often difficult to estimate Tian’s
invariant of these compact Kähler manifolds (see for example [4] and [5]). We expect that a
similar result holds in a more general case. Recall that this lower bound allows us to know
if these manifolds carry Einstein–Kähler metrics.
The proof of the main result consists in some lemmas where we study the three cases:
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• The set of functions ϕ reaching zero in [1,1].
• The set of functions ϕ reaching zero in [ζ, ξ ] with ζ = ξ and ζ, ξ = 0.
• The set of functions ϕ reaching zero in [1,0].
All other cases hold by the G-invariance of ϕ.
To this aim we consider the three functions ψ1, ψ2 and ψ3 defined on P1C by
ψ1 =ψ + log 4, ψ2 = log |z1|
4
(|z0|2 + |z1|2)2 ,
and finally
ψ3 = log |z0|
4
(|z0|2 + |z1|2)2 .
Lemma 1. Let ϕ ∈ C∞(P1C) be a g-admissible function on P1C, G-invariant, satisfying
ϕ(P ) ϕ([1,1])= 0, ∀P ∈ P1C. Then, every neighborhood of the circle C = {[1, eiθ ], θ ∈
[0,2π]} contains points where ϕ > ψ1.
Proof. Since ϕ is maximum at [1,1], the G-invariance implies in particular that ϕ is zero
on the circle C. Remark also that the function ψ1 is G-invariant and so is maximum at
every point [1, eiθ ] of C.
Now, let us proceed by contradiction. Suppose that there exists a neighborhood U of C
such that
∀P ∈ U, ϕ(P )ψ1(P ).
Since , for every P ∈ C, ϕ(P ) = ψ1(P ), then all points of C are local maxima of the
function ϕ − ψ1 in U . So, the complex Hessian (reduced to only one component) satisfy
for every P ∈ C:
∂2(ϕ −ψ1)
∂z∂z
(P ) 0.
Now, since
∂2 log |z|2
∂z∂z
= 0,
in the chart {z0 = 0}, we have:
−∂
2ψ1
∂z∂z
= g.
Finally we get
g + ∂
2ϕ
∂z∂z
(P ) 0,
which is in contradiction with (1). This ends the proof of Lemma 1. ✷
As a corollary, we get the following proposition:
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Proposition 1. Let ϕ ∈ C∞(P1C) be a g-admissible function on P1C, G-invariant,
satisfying ϕ(P ) ϕ([1,1])= 0, ∀P ∈ P1C. Then, ϕ ψ1 on P1C.
Proof. As in Lemma 1 we shall proceed by contradiction. Let us suppose that there exists
a point P0 such that ϕ(P0) < ψ1(P0). A component of the homogeneous coordinates of P0
cannot be zero, since ψ1([0, ζ ])= ψ1([ζ,0])=−∞, we have ϕ([0, ζ ]) > ψ1([0, ζ ]). So
we can write P0 = [1, zm], with zm = 0. We can also suppose that zm = eiθ , since ϕ = ψ1
on the circle C defined in Lemma 1. ϕ and ψ1 being G-invariant, we get
ϕ
([1, zm])= ϕ([1, |zm|])= ϕ
([
1,
1
zm
])
= ϕ
([
1,
1
|zm|
])
,
and
ψ1
([1, zm])=ψ1([1, |zm|])=ψ1
([
1,
1
zm
])
=ψ1
([
1,
1
|zm|
])
.
So we can suppose that |zm|> 1. Let us now consider the neighborhood V of C, the set of
the points [1, z] satisfying
1
|zm| < |z|< |zm|.
By Lemma 1, there exists zM ∈ V such that ϕ([1, zM ]) > ψ1([1, zM ]). By virtue of the
G-invariance of ϕ and ψ1, we can suppose |zM |> 1, and since ϕ −ψ1 is strictly negative
on the circles |z| = |zm| and |z| = 1/|zm|, strictly positive when |z| = |zM | or |z| = 1/|zM |
and zero when |z| = 1, ϕ − ψ1 achieves a local maximum at a point [1, σ ] of V . As in
Lemma 1, this implies that ϕ −ψ1 is not g-admissible at [1, σ ] and the contradiction. ✷
Now, in order to prove the following lemmas we consider the functions ψ2 and ψ3
defined above.
Lemma 2. Let ϕ ∈ C∞(P1C) be a g-admissible function on P1C, G-invariant, such that
for all P ∈ P1C: ϕ(P ) ϕ([1, ζ ])= 0, with |ζ | = 0 and = 1. Then, we have:
ϕ([1, z])ψ1([1, z]) for |z|2 < 1/4 and |z|2 > 4
ϕ([1, z])− log 4 for 1/4 < |z|2 < 4.
Proof. In the chart z0 = 0, the functions ψ1, ψ2 and ψ3 are given by
ψ1 = log 4x
(1+ x)2 , ψ2 = 2 log
x
(1+ x), and finally ψ3 = 2 log
1
(1+ x),
where x = |z|2. Remark that − ∂2ψi
∂z∂z
= g for i = {1,2,3}. Let ζ and ϕ be as in the
hypothesis of this lemma. Since ϕ is G-invariant, we can suppose that |ζ |> 1.
• For x ∈ [1/|ζ |2,1], we have ϕ > ψ3. Indeed, since ψ3(0)= ϕ(1/|ζ |2)= 0, and since
ϕ(0) and ψ3(|ζ |2) are strictly negative, the function ϕ −ψ3 is strictly negative at zero
and strictly positive on the circles x = |ζ |2 and x = 1/|ζ |2. Now suppose that there
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exists x1 ∈ [1/|ζ |,1] such that (ϕ − ψ3)(x1) < 0, by continuity, ϕ − ψ3 have a local
maximum in the open unit disk pointed at zero, then the Hessian of ϕ−ψ3 at this point
is negative which implies that ϕ is not admissible. So, for x ∈ [1/|ζ |,1], ϕ > ψ3.
• Since ψ2(x)=ψ3(1/x), the preceding item shows that for x ∈ [1, |ζ |], ϕ > ψ2.
• For x ∈ [0,1/|ζ |2], let us prove that ϕ > ψ1. Suppose that there exists x2 ∈ [0,1/|ζ |2]
such that (ϕ − ψ1)([1,√x2 ]) < 0. Since (ϕ − ψ1)([1,1]) < 0, the same proof as
above shows that there exists a local maximum in the annulus x2 < |ζ |2 < 1 which
is impossible.
• Since ψ1(x)=ψ1(1/x), the preceding item shows that for x ∈ [|ζ |,+∞[, ϕ > ψ1.
Now we get the result of Lemma 2, since ψ2(1) = ψ3(1) = − log 4, and since the
intersection of the graphs of ψ1(x) and ψ2(x) holds at x = 4; of ψ1(x) and ψ3(x) holds at
x = 1/4, and that the intersection of the graphs of ψ2(x) and ψ3(x) holds at x = 1. ✷
Lemma 3. Let ϕ ∈ C∞(P1C) be a g-admissible function on P1C, G-invariant, satisfying
for all P ∈ P1C: ϕ(P ) ϕ([1,0])= 0. Then, we have ϕ − log 4.
Proof. As in Lemma 1, since ϕ and ψ3 are C∞ at [1,0] and satisfy ϕ([1,0])=ψ3([1,0]),
(1) implies that every neighborhood of x = 0 contains points where ϕ > ψ3. Now we
prove, as in Proposition 1, that ϕ(x) > ψ3(x) for x ∈ [0,1]. Using the G-invariance it also
proves that ϕ(x) > ψ3(x) for x ∈ [1,+∞[. Now, since ψ3(x) >− log 4 for x ∈ [0,1] and
ψ2(x) >− log 4 for x ∈ [1,+∞[, we get the proof of Lemma 3. ✷
As an immediate corollary of Lemmas 2 and 3 we get
Proposition 2. Let ϕ ∈ C∞(P1C) be a g-admissible function on P1C, G-invariant,
satisfying for |ζ | = 1, ϕ(P ) ϕ([1, ζ ])= 0, ∀P ∈ P1C. Then, ϕ ψ on P1C.
And the proof of the main theorem holds by Propositions 1 and 2.
Proof of Theorem 2. Let ϕ ∈ C∞(P1C), be a g-admissible, G-invariant function
satisfying supϕ = 0 on P1C. Then, by Theorem 1, we get ϕ ψ . This, in particular implies
for a positive α that∫
P1C
exp{−αϕ}dv
∫
P1C
exp{−αψ}dv.
Let us compute the last integral in chart {z0 = 0}, we have:
∫
P1C
exp{−αψ}dv = 8π
+∞∫
0
(1+ x)2α
xα
1
(1+ x)2 dx.
This integral converges for α < 1. This shows in particular that
α0 = sup
{
α s.t
∫
P1C
exp{−αψ}dv converges
}
= 1.
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So instead to consider all the class of G-invariant and g-admissible functions on S2, we
have only to consider the function ψ in the Ho˝rmander type inequality. A similar, but more
difficult proof runs for the projective spaces of higher dimension. The more general case is
under study. ✷
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